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WEAK ERGODICITY OF M,;/M;/N/N + R QUEUE

Alexander Zeifman, Anna Korotysheva

We consider nonstationary birth and death processes on finite state space
and study the bounds of the rate of convergence to the limit regime. We also

obtain some bounds on the rate of convergence for the queue-length process
of My/My/N/N + R queue.

1. Introduction

Consider a queueing model with N servers and R > 0 waiting rooms. Let X ()
be a number of customers in the queue. Then X (¢) is a birth and death process
(BDP) with state space Enyr = {0,1,..., N + R} and birth and death rates
an (t) = A(t), by (t) = p(t)min(n, N) respectively. The most known model
corresponds to the case R = 0, this is the famous Erlang loss system. General
approach for the study of nonstationary BDPs has been proposed in our papers
[5, 6], see also [1, 2, 3, 7]. Namely we study the forward Kolmogorov system and
special transformations of intensity matrices.

In this note we outline our general approach for the study of such models (in
Section 2) and obtain some new bounds on the rate of convergence for queue-
length process of M;/M;/N/N + R queue (Section 3).

Let X (t) be a BDP on finite state space {0, ..., S} and let Ay, (), 41 (), n =
0,...,5 — 1 be the respective birth and death intensities. We assume that all
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An (t), tint1 (8), n = 0,...,58 — 1, are non-negative and locally integrable on
[0; 00) functions.

Denote by p;(t) the state probabilities of X (¢), by p(t) = (po(t), p1 (), - .., ps(®)"
the respective column vector, and by A(t) = {aij(t)}ij:O’ t > 0 the transposed
intensity matrix of the process:

Ai1 () if j=i-1,

pit1 (1), if j=i+1,
(1) ai;(t) = e

— (Nt + i (), i =1,

0, overwise.

Throughout the whole paper we use the [1-norm for vectors ||x|| = > |z;].

BDP X (t) is called weakly ergodic if |p*(t) — p*™(¢)|| — 0 as t — oo for any
initial conditions p*(s), p™(s) and any s > 0.

2. General bounds for finite BDPs

Let 6. >0, 1 <k < S —1 be positive numbers.
Put

(2)  o(t) = Ae(t) + prga (t) = S Aegr (8) — 0 Lpe(t), k=0,...,5 -1,

(3) Ce(t) = A(t) + prt1(t) + 01 A (t) + 51;1,uk(t), k=0,...,5 -1,

(here we suppose &, © = ds = 0 and &y = 1).

Denote
(@ min aw(t) = B()
() onax Gr(t) = x(®),
and

k-1 S
(6) dk = H (51', 0= Zdi, d = min di
=0 i=1

1<i<S
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Theorem 1. The following bounds on the rate of convergence hold:

(1) e EXOEpt ()~ p* ()] < [Ip*(1) — 0 ()]

40
< e HO 5t (s) — p7(s)],
for any initial probability distributions p*(s), p**(s), and any 0 < s < t.

Proof.  We use the approach of [6]. Consider the forward Kolmogorov
system for the probabilistic dynamics of the process:

dp
(8) o Alt)p, t>0

By introducing

po(t)=1=>> pi(),

i>1

we obtain from (8) the following system:

dz

— =B (t f(t
) % B+t
where
—(Ao+AM+p) pe—XA —Xo - —o )
A —(Aa+p2) ps - 0 0
(10) B= : : S : : ;
0 0 0 -+ —(As—1+pus—1) ps
0 0 o .- As—1 —s

1) z=(p1,....ps)", £() = (a0 (t),...,as0 (t))" = (Mo (),0,...,0)".
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Consider the matrix

d dy dy - dy
0 dy do - dy
(12) D= 0 0 d3 --- dg ||

0 0 0 0 ds
and the respective vector norm ||z|[1p = || Dz||.
Let x(t) = (x1,22,...,x5). Then

(13) Ixllip = 1Dx] < |D]llx] = o]
and

(14) Il = 1D~ D]l < D xlp < Slixlhio
SO

(15) %l < el < 61l

Consider the logarithmic norm of B(t) in [y p-norm:
Y(B(t)1p =v(DB(t)D™1)

= dnax (=Xi(t) = pis1(t) + Gipa N1 () + 6; Hi(2))

= (Ni) + pis1 (t) = i1 higa () — 6; ' pa(t))
(16) = —B(t).
and the logarithmic norm of —B(t) in /; p-norm:
(17) ~v(=B()p
= o (i) F i (8) + Sigrdia (6) + 67 () = x(0).
Then the following bound holds:
(18) e XD <V (8, 5) 1 < & I BT

for any t,s (0 < s <t), where V(¢,s) is the Cauchy operator of equation (9).
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Now we have from (15) and (18)

[p* (@) =P (] < 2[2°(t) — 2" ()] < %HZ*(t) —z"®)lip

t
< e 12" (s) — 2™ (s)|1p
J 8y d
4 - T T * k%
<3O )~ oo
t
10 - fomdr N
(19 <O )~ p o)

On the other hand, for any solution y1,y2 of the system (9) one has:

(20) lys(t) = y2(&)l1p > e XD [y (5) = ya(s) 1.

Now let y1,y2 be such that

@) ps)=(1- vl ¥yT6s) 5 p7s) = (1- ly2()ll, ¥3(s)"

Hence (14) and (20) imply the following bound:

1 1
9 = ™ ()] = 510" (1) = D™ (1o = 5 ya(t) — y2(O)]p >
1 t
7¢Oy (5) — ya(s)lho =

Loy T)dT ||y * *ok d _gt T)AT ||y * *k
(22) e XU p* () — p(5) b 2 e KO p*(s) — p(s)]

oo
Note that the equality / B(1) dr = 400 implies weak ergodicity of X (t).
0

Remark. Under the assumptions of Theorem 1 the following estimate holds
(28) e XD p*(s) — p(s)p

t
< p*() =P (Do < e 7O |p*(s) — p™(5) 1,
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for any initial probability distributions p*(s), p**(s), and any 0 < s < t.
Put

(24) F(t) = max  ok(t).

Theorem 2. Let D (p*(s) — p**(s)) > 0 (or D (p*(s) — p**(s)) <0). Then
the following bound holds:

(25) [p*(t) —p™ ()| = e * p*(s) =™ ()|,
for any s >0, t > s.

Proof. Consider the system (9) and put v(t) = D (p*(t) — p**(t))*. Then

(26) d:lff) — DB()D (1),

Let now I be a set of [;-vectors with non-negative coordinates. All non-
diagonal elements of the matrix DB(t)D~! are non-negative for any t > 0.
Therefore, if v(s) > 0 for some s > 0 then v(¢) > 0 for any ¢ > s.

Therefore

d i . )
% > {Z’Uz}mkln (_)\k — Wkt1 + k1 A e 41 + O 1Mk) _

(27) - {Z Ui} max(Ag + 41— O 1 Ak — 5 ) = =B {Z Ui} .
Hence we have for any ¢ > s :

vl _ 2o

I5°(6) ~ 5= ()] 2 5llp (1) ~ B (O)lip = V2 = =0

1 t gx 1 s
ge T Y ils) = e TP () —pT ()l 2

d _rt *(\dr * skok
(28) 3¢ 1R (s) — P (s)])

This inequality implies our claim. O
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Remark. Under the assumptions of Theorem 2 the following bound holds
(29) Ip*(5) = p™* (O)1p > e 7D |p*(5) — p™* (5) 1,
for any initial probability distributions p*(s), p**(s) such that
D (p*(s) —p™(s)) 2 0 (or D (p*(s) —p™(s)) < 0),

and for any 0 < s < t.

Remark. One can see that the main problem now is the finding of the
appropriate sequence {0 }.

3. Bounds for the queue-length process of M;/M;/N/N + R
queue.

Let now X(t) be queue-length process for My/M;/N/N + R queue. In the case
R = 0 (Erlang model with losses) we have necessary and sufficient condition of
weak ergodicity in the following form (see the proof and related bounds in [4, 8]):

The process is weakly ergodic if and only if

o0

(30) / (A(t) + pu(8)) dt = +o0.
0
Here we consider general case R > 0. Then we have in (2) and (3)

an(t) = M) + (k + L)ja(t) — S M(E) — 6 ku(d),

ifO<kE<N-1,
ak(t) = At) + Np(t) = 6eaA(E) — 6, " Npu(t)

if N<k<N+R,
and

Grlt) = A(®) + (k + 1)u(t) + a1 A1) + 0 Kt
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fO<k<N-1,

Gelt) = A(t) + Npt) + S A1) + 07 Npa(t),
if N <k < N + R, respectively.

First case. Let there exist [ > 1 such that the following assumption holds:

(31) / (Nu(r) = IN(7)) dr = +o0.
0
Put =1, k< N—-1l,and é =1, k> N.
Then
w(t), k<N —1;
p(t) = (=1 A(), k=N-1
(2 elf) = (1—%>(Nu(t)—l)\(t)), N<k<N+R-2
Nu(t)<1—%)+)\(t), k=N+R-1.
N
We can suppose | < N_1 hence
(53) 50 =minar ()= (1= 1) (Vi) - 1A 0).
(34) A (1) = maxay (1) = p (1),

and

(35) X (1) = max Gy (t) < 2(IA (1) + N (1))
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Therefore Theorems 1 and 2 imply the following statement.

Theorem 3. Let (31) be fulfilled. Then the following bounds hold:

4—196‘”5 (NN T (5) — p*(s)]| < [Ip*(t) — p™* ()] <

(36) 4ge 1: (=D DOV p* () - p*(s)]
for any initial probability distributions p*(s), p**(s), and any 0 < s <,

t
ffy,(u)du * Hk
: Ip*(s) — P ()|,

if D (p*(s) —p*™(s)) >0 (or D(p*(s) —p*(s)) <0), and any 0 < s < t, where
Rl

0=N-1+ > I
i=1

(37) Ip°(8) — (1)) > e

Second case. Let there exist [ < 1 such that

(38) /(l)\(T) — Np(7)) dr = +oo.
0

Put 0, =1, k> 1. Then

(%— )ax(t)—ku(t»w(t), F< N1
(39) () = (%— )(M(t)—w)), N<k<N+R-2
A(t)—N(%—l)u(t), k=N+R-1
and

(10) 80 =minen (1) = (- 1) () - Nu(0),
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(41) 5 (1) = max . (1) < A (1)

On the other hand,

(12) ¢ =m0 <2 (20 + a0

Hence Theorems 1 and 2 imply the following statement.

Theorem 4. Let (38) be fulfilled. Then the following bounds hold:

L OO 5t (5) — p(5)]| < 0" (1) — B (D) <

40 —[Hi- T)— T T * *k
(43) —e LE)BONE A pt (5) - p*(s)],
for any initial probability distributions p*(s), p**(s), and any 0 < s <,

* * d —j)x(u)du * *k
(44) Ip™(t) =™ ()l = 55 - [p*(s) =™ (s)ll,

if D (p*(s) —p*™(s)) >0 (or D(p*(s) —p*(s)) <0), and any 0 < s < t, where
0 <N+Randd=IVtE

Remark. There is a number of open problems for M;/M;/N/N + R queue,
see [9, 10]. For instance, the condition (30) seems to be necessary and sufficient
for weak ergodicity of the queue-length process. Is this true?
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