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éTABILITY OF BIRTH-AND-DEATH PROCESSES

A. L. Zeifman (Vologda. Russia) UDC 519.2

Explicil bounds for the deviation of the distribution of the slate probabilities of a perturbed birth-and-death process
from that of a nonperturbed one are obtained. These bounds appear lo be ezacl in time.

1. Introduction

Many studies are devoted to problems concerning the stability of Markov chains. One of the main problems in this

" field is the problem of estimating the closeness of distributions of state probabilities in the case where the transition

~ rates of the “perturbed” and “nonperturbed” chains are close. A series of related results can be found in [2. 5: 8. 9].
‘There. the key factor is the existence of some explicit estimates of the closeness of distributions of state probabilities for
the “perturbed” and “nonperturbed” chains. For homogeneous chains, the stability is closely related to the spectrum
of the so-called intensity matrices of the “nonperturbed” chain, namely: a chain is stable if 0 is the isolated point of the
spectrum and a single eigenvalue. Unfortunately, this does not usually hold for the birth-and-death processes BDPs).
and the problem on the stability of BDPs should be considered individually. To this end, it is conveniedt to apply
the approach developed in the author’s paper [7]. In this way, we obtain explicit and exact-in-time bounds for the
deviation of the distribution of state probabilities of the “perturbed” BDP from that of the “nonperturbed” one.

-~

2. Notation

Let X(t) be a birth-and-death process with intensities A,(t), un(t), n > 0, pe(t) = 0(this process will be referred
to as the nonperturbed BDP), let X(t) be a perturbed BDP with intensities X,(t), &,(t); pi(t) = P(X(t) = i).
pi;(¢) = P(X(t) = i | X(0) = j), p(t) = (pi(2)), x(t) = pT(¢); p;(t), P(t), X(t) are the corresponding characteristics of
the process X(t). We assume that

Ai(t)h + o(h), j=1i4+1
wi(t)h + o(h), j=i-l,
pij{t+h)= . 1)
L= (A(t] + ()b +o(h), 5 =1,
o(h), li—j]> 1,
where the o(h) are uniform in i. We also assume that for all ¢t > 0
sup(As(t) + p(t)) < oo, (2)

- and the intensities are linear combinations of a fixed finite number of functions locally integrable on [0.0oc). The saine
 ronstraints are assumed to be satisfied for the BDP X (¢). Then the forward Kolmogorov equations for the processes
- X(#). X(t) can be treated as differential equations in the space of summable sequences /:

dx .
Et— = .-1(t)x, (.})
dx  —, ’

- where A(t) = (qji(t)). A = (@;;(1)). Then, if P(s.t) is the transition matrix for X(t) and U(t,s) is the Cauchy
- operator of (3), we have P(s,t) = UT(t,s); the same is true for the perturbed BDP.
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dy do do
0 dy dy ... ‘,u.
D=1o 0 4 ... (5)
~ We consider the space of sequences {;p:
hp = {z|llzlln, =IDzlli, < o0}, 2z =(21,22,...)7;
moreover (see [6]).
el > Sl
ll[) - 2 z ll' .
Let @ be the space of all stochastic vectors.
3. Stability Estimates
We set d g
a(t) = ,igg()“(t) + pip1(t) — ‘_gl’\i+l(t) = ;—:lm(t))- (6)

In what follows, we assume that one of the following conditions is satisfied:
.a(t) > 0forallt >0, or
2. a(t) is integrally bounded on [0, 0), that is,

sup / a(T)dT < o0,
120 J
and. in addition,
t+1
lim /a(r)dr: +00.
1—85—00

t

In the second case. as can easily be seen, there exist a positive N and a function B(¢) locally integrable on [0. )

such that . t
exp{—/a(r)dr} < Nexp{/[}(r)dr} (7)

for all s> 0,¢ > s. In the first case, (7) is true with N = 1, 8(¢t) = o(t). In what follows, we assume that N and (¢)
are fixed.

Let .
Ao(t) < MB(t) ’ (8)
for some M < oo and any ¢t > 0. We set
M) = Dat) =X, fa(t) = |ua(t) = E (1)), 9)
fn what follows. let ) )
An(t) S(E+w@)B(L),  fa(t) < (8 +w(t))B(1) (10)

for all n and almost all ¢ > 0, where & is a constant and w(t) — 0 as t — 0.

THEOREM 1. Let there exist a sequence {d;} such that d_; = dy = 1, d = infd; > 0, Sup|;_jj=1 di/d; = m < .
and let (7). (8). and (10) be satisfied. Then

— 4
IPCP(5,0) = Pls, )l € ZV(1+ 21+ mIN(M +[[2(5)]1 )

[¢
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for anv s > 0.1 > 5. and p(s) = P(s) € Q chosen so that the corresponding vector 2z = (p1.p2. ... 7T elp.
Proof. Weset pg =1 — 3,5, pi- Then (3) and (4) yield

dz

- Bi(t)z +£(t), (12)
Az — _
d_j =B (t)Z + (1), (13)

respectively, where z = (py, p2, - .. )T, f(¢) = (Ao(t),0,0,... )7,

—o(t) + M) + (1)) (p2(t) = Ao(t))  —Aolt)

- () “(ha() + p2(t)  pslt) O
Bl(t) = 0 A'z(t) 3
0 0

and zZ. £. B, are the corresponding characteristics of X(t).
Equation (12) can be rewritten as

‘Z Bi(t)z + £(t) + Bi(t)z + £(2), (14)

where By (1) = Bi(t) — Bi(t), f(t) = f(t) — f(t). Let V(t,s) be the Cauchy operator for the equation
dy

- = B\(t)y. (15)
For z(s) = z(s) we obtain
Z(t) = V(¢t,5)z(s /V(t 7)f(7) dr, (16)
z(t) = V(t,s)z(s) + /V(t,‘r)f(f)d‘r +/V(t,r)(l§1(r)z(r) +f(r))d7'
:i(t)+/V(t.7')(Bx(1')z(r)+f(r))d7i (17)
Then in the norm of the épace Lp,
¢
[lz(¢) — Z(t)|| < /IIV(LT)II(II&(T)IHIZ(THI + ()| drs (18)

moreover, the bounds

1811 =50 (30 + o)+ S Ao+ St

< sup(Ai(t) + i (8) + mAip1 (8) + mi()) < 2(1+ m)(8 + w(t))B(t); (19)
>0

I£(7)] = dodo < (6 +w(t))A(2) (20)

are true. hence for the logarithmic norm in the same space we obtain
+(B1(1)) < 1(BD) + BUON < =a(t) + 21+ m)(8 +w(t))B(). (21)
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Hl_'(l.s)“ Sexp{—/(a(r) = 2(1 +m)(s + w(r))/i(r))dr} < Nexp{-—-/(l =21 +m)(6 +w(r))/}(r))dr}. (22)

s

Using (12) and the formula for its solution, in the space {;p we obtain

CUERENE / ot oo + / Wexn{ - / 'wu)du}tmrm dr
< Nexp{ - / ot ar b (la(o) + / M exp / Blu) du () ar)
<wef~ [smrer} (s s frrar))

< vexp{~ [ s(n s+ MN < N(late)] + ). (23)
Now (18)-(23) yield 7
&) =21 < | IV, UB () o) + ) ar

t t

< [n exp{— Ja =204 mys + wtwstu) du}(a +(r)BTI(L + 2N la(s)]] + M)(1 + m)) dr

s

t t
= N1+ 2N(llz(s)|| + M)(1 + m)) /(6 +w(7))B(1) exp{—/(l = 2(1 + m)(6 + w(u))B(u)) du} dr. (24)
Thus, if p(s) = p is chosen so that the corresponding z € I, , we obtain

IP(P(s,8) = P(s.Dll < G8(0) = Ol < SN+ IN((a(o)] + M)(L 4+ m)

X /(6 +w(r))ﬁ(r)exp{— /(1 —2(1+ m)(6 + w(u))B(u)) du} dr (25)

for all 5, ¢, 0 < s < t, which is what we set out to prove.
In some cases we are able to derive the estimates sought for without calling for (8).
We first consider the case of finite space of states S = {0,1,...,N}.

THEOREM 2. Let X(t) be a BDP with finite set S of states, and let there exist a sequence {d;} such that
d.y=dy=1,d=mind; >0, maxj;_;|=1 di/d; = m, and let (7) and (10) be satisfied. Then

t

N-1 ! .
|P(s.t) — ﬁ(s.t)”,l < %N(3 +2m) Z d; (6 + /w(r)ﬂ(r)exp{—/ﬂ(u)du} dr) (26)

=0

forall s.t.0<s<t.
Proof. We rewrite (13) in the following form (which in this case allows us to derive a more precise estimate)

%:Fl(t)wr £(t) — By (t)z - f(1). -
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d
dil Bi(t)y. (28)
If z(s) = Z(s). we obtain
¢
z(t) = V(¢,5)z(s) + / V(t, r)f(r) (29)

zZ(t) = V(¢,5)zZ(s) + /V(t (1) dT—/(Bl(T +f(7'))d7' z(t)-—/(Bl(T)Z(T)i-f(’T))dT. (30)

Here, in view of the finiteness of the space of states, we are able to carry out the estimation in the “.natural” {; norm:

then
1z(t) — z()f < /IIV(tsT)Il(HBl(T)lllIi(T)II +[If(r)I}) dr, - (31)
1B ()| < 2(1+ m)(é +w(t))B(2), IE(TI < (6 + w(t))B(), IZ(r)|| < 1. (32)

Now. making use of (6) and (7), we obtain

V(M <MV 8o D D™ < Nexv{ /ﬁ(u dU}HDlll 1D~ M,

3 Z exp{ /ﬁ(u du} (33)

From (31)-(33) it follows that

9 N-1 s t
Z(t) — z(t)]| < EN(3 +2m) ; di/(é +w(r))[3(7')exp{—/ﬁ(u)du} dr

anl n

N-1 s t
—N(3+2m Z d; (6+/w(r)ﬁ(r)exp{—/ﬂ(u)du} dr), (34)
=0 -

t

which completes the proof. ,
Now. let the state space be numerable, and let the intensities be periodical (with period one). In this case. under
the hypotheses of Theorem 1 (see [7]), the BDP possesses the “limiting” 1-periodic mode #(¢): moreover,

I = max||m(t)llno = max [l < oo

THEOREM 3. Let there exist a sequence {d;} such that d_; = dy = 1, d = infd; > 0, SUPyi_ji=1 di/d; = m < 0.
let all A, (t). pn(t) be L-periodic in t, and let (7) and (10) be satisfied. Then

Ip(P(s. ) = Pls, ), < N+ 2(1+ m)(T+ N)ip(s) = (5}, )

t t

X /(6 +w(r))/}(r)exp{—— /(1 = 2(1 + m)(6 + w(u))B(u)) du} dr (35)

s T

for all s.t. 0'< s <t and p(s) = P(s) € Q chosen so that the corresponding vector z = (py,pa....)T €lip.
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[image: image7.png]Proof. It is sufficient to note that instead of (23) we have (in the {,p norm)

(1 < I (e + fla(e)  w(t)) < flmgey + Nexp{ -/ ﬂ(r)dr}HZ(s) — (o)

ST+ Nilz(s) - x(s)|) = 1 + Nllp(s) = a(s)||.
We now turn to exploring the ergodic case.
THEOREM 4. Let there exist a s

and let (7) and (10) be satisfied. Le
is ergodic, and

(36)

equence {d;} such that d.i=dy=1,d=

infd; > 0, SUpj;_ji=1 di/d; = m < oo,
t there exist a vector & such th

at wA(t) for almost all ¢ 2> 0. Then the BDP X(1)

1PCP(5,0) = P(s, Dl < ZNCL+ 201+ )l + Nlo(s) — (s )

t

x/(6+w(r))[3(r)exp{—/(l =2(14+m)(é +w(u))ﬁ(u))du} dr

(37)
foralls.¢,0<s<tand p(s)

= P(s) € Q chosen so that the cor
Proof. The ergodicity was

responding vector z = (P1,p2,.. )T € lyp.
proved in Theorem 3.1 of [7]; (37) follows from (35).
COROLLARY 1 ( Vanishing Perturbations

). Let the h ypotheses of one of Theorems 1-4 be satisfied, and let, for the
perturbed BDP. (10) hold with § — 0. Then the following bounds are true.
I. Under the hypotheses of Theorem 1,

lIp(P(s,8) ~ P(s, ), < SN(I 2L+ m)N(M + |lz(s)|1,,,))

1

X/W(T)/f(T)eXP{—/(l - 2(1 + m)w(u)ﬁ(u))du} dr.

(38)
2. Under the hypotheses of Theorem 2,
B 4 Ne1 t !
1P(s.t) — P(s.t)|);, < NG +2m) ZO di/w(T)ﬂ(T) exp{—/ﬂ(u)du} dr. (39)
3. Under the hypotheses of Theorem 3,
—= 4
lp(P(s.t) - P(s,)|);, < N+ 201+ m)(I + N)|jp(s) - 7(s)ll,p)
X /w(r)ﬂ(r} exp{—/(l - 2(1 + m)w(u)ﬁ(u))du} dr. (40)
4. Under the hypotheses of Theorem 4,
— 4
“p(P(S,t) - P(sit))”ll S EN(I + 2(1 + "l)”"r”lln + N”p(s) - 7r”‘10)
t t
x /w(r)ﬁ(r) exp{—/(l —-2(1+ m)w(u)ﬂ(u))du} dr. (41)

In cases 3 and 4, the limiting modes for the perturbed BDP are 7(t) and 7, respectively.

4. Examples: Queueing Systems

Here we consider estimates for the queueing systems which are close to the well-known ones.
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[image: image8.png]4.1. The number of demands in the system M(t) | M(t) | N | 0. A convergence-rate estimate for this process
was given in [7], and estimates for the case of asymptotically proportional intensities were given in [9]. Here we restrict
ourselves to the consideration of the general case only. Let X(¢) be the number of demands in the “nonperturbed”
system M(t) | M(t) | N | 0. This is a BDP with state space S = {0,1,..., N} and intensities An_1(t) = A(t),
() = np(t), n=1...., N. Let X(t) be the “perturbed” process with the same state space and intensities A,(¢).
M, (). We assume that

/y(t)dt = oo, | (42)
0
Au(t) S (B +w(t)u(t),  ia(t) < (6 +w(t))u(t). : (43)

THEOREM 5. Let (42) and (43) be satisfied. Then

[{P(s,t) —P(s,t)|l;, < 20N (6+ /w(r),u(r)exp{—/u(u)du} dr) {44)

8 T

forall s.t.0<s <L
To prove this theorem, it is sufficient to set d; = 1 for all  in Theorem 2.

COROLLARY 2. Let the nonperturbed process be homogeneous, and let
An(t) <6p, f(t) < bp (45)

hold for the perturbed process. Then .
[|P(s,t) — P(s,t)||i, <20N - (46)
forall s.t.0< s <.
Remark 1. Similar bounds are valid if instead of (42) we take

0//\(t)dt = 0o.

4.2. The number of demands in the system M | M | N. Let X(t) be the number of demands in the initial
“nonperturb.d” system M | M | N. This is a BDP with intensities Ayx = A, ptn = pmin(n,’N), n > 0. Let X(t) be
the perturbed process with intensities An(t), T, (£). We consider only the case where the load coeflicient p = A/(Np)
satisfies

(V1)

N2 <p<LlL (47)

—n/2

Then in (7) with d, = p we obtain (see [6])

N=1, Bt)=a"=(/Nu—VA). (48)

THEOREM 6. Let the perturbed process satisfy (47) and

An(t) < (8 +w(t))a”, fin(t) < (6 +w(t))a™. (49)
Then _ .
Ip(P(s,t) = P(s, )i, < 4a”™(1+2(L+m)(ll7lls,p + llp(s) — 7lli0))
t t
X /(6 +w(r))exp{— /(l —2(L + m)(é +w(u))a')du} dr (50)

for all 5. t. 0 < s <t and p(s) = P(s) € Q chosen so that the corresponding vector z = (py,pa,...)T € lip. where 7 is
the stationary distribution of X(t), m = p~ 12,
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[image: image9.png]COROLLARY 3. Let.the perturbed process satisfy (47) and
An(t) < ba”. fin(t) < da”. (51)
Then _
Ip(P(s.t) = P(s,0))lli, < 4a™(1+2(1+ m)(j|7lli,p + [IP(5) = 7ll1,p ))
x8(1 = 2(1 + m)da™ )" (L —exp{—(1 — 2(1 + m)éa*)}(¢ — s)) (52)
for all s.t. 0 < s <t and p(s) = p(s) € Q chosen so that the corresponding vector z = (p1,pa,...)T € lip.
COROLLARY 4 (Vanishing Perturbations). Let the perturbed process satisfy (47) and

An(t) Sw(t)a™,  fa(t) < w(t)a® (53)
Then _
lp(P(s,t) = P(s,t))ll, < da”(1+2(1 + m)(|[xllt,, + [IP(5) ~ 7|1, )

t t

x'/w(r)exp{-—/(l —~2(1+ m)w(u)a')du} (54)

v
for all s. t. 0 < s <t and p(s) = p(s) € Q chosen so that the corresponding vector z = (py, pa, . . . 7T elip.
Remark 2. Similar bounds are true in the case of low load. where p < (N — 1)2/N2.

5. Problems

1. Condition (8) used in the proof of boundedness of [Iz(¢)]] in Theorem 1 seems rather unnatural. Is it (or some
version of it) necessary?

2. In [7]. both upper and lower bounds for the convergence rate of BDPs were obtained. Is it possible to deduce
some sensible stability lower bounds? -

3. In this paper, we consider the ergodic case only. Some convergence rate estimates can be obtained in the so-called
zero-ergodic case [6]. Which are stability estimates in the case?

4. Let X(t) be a continuous-time random walk with intensities An(t) = A(t), pn(t), n > 1, Ao = {(t). Which are the
best stability estimates for this process?

5. Which are stability estimates for the BDPs with the state space Z7?

6. Let :

E(t,i) = ) npn(1)
n

be the mean of the BDP X(¢) at time ¢ provided that X(0) = i. Which are the stability estimates of the mean?

7. The estimate given in Theorem 2 is of correct order. What can be said concerning the constants entering that
formula?

8. It seems to us that the remaining estimates are of correct order (at least, with respect to time). Nevertheless,
these bounds include rather large quantities related to |lzl}. What is the accuracy of those estimates?
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